We prove that the defect vanishes for a holomorphic map f from the affine complex line to an abelian variety A and for an ample divisor D in A. The proof uses the translational invariance of the Zariski closure of the k-jet space of the image of f and the theorem of Riemann Roch to construct a nonidentically zero meromorphic k-jet differential whose pole divisor is dominated by a divisor equivalent to pD and which vanishes along the k-jet space of D to order q with p=q smaller than a prescribed small positive number. Then estimates involving the theta function with divisor D and the logarithmic derivative lemma are used. We also prove a pointwise Schwarz lemma which gives the vanishing of the pullback, by a holomorphic map from the affine complex line to a compact complex manifold, of a holomorphic jet differential vanishing on an ample divisor. This pointwise Schwarz lemma is a slight modification of a statement whose proof Green and Griffiths sketched in their alternative treatment of Bloch's theorem on entire curves in abelian varieties. The log-pole case of the pointwise Schwarz lemma is also given. We construct examples of hyperbolic hypersurface whose degree is only 16 times the square of its dimension.
For the statement of the results related to the Schwarz lemma, we use the following notations, some of which will be explained in greater detail at the beginning of the first section of this paper. For a compact complex manifold X we denote by J k (X) the space of all k-jets of X so that J 1 (X) is the tangent bundle of X. For` k we denote by k,`t he natural projection J`(X) ! J k (X). For a function Ψ on a subset of J k (X) we denote also Ψ k,`b y the same symbol Ψ if there is no danger of confusion. We identify J 0 (X) with X. A k-jet differential on X is a function on J k (X) which is locally a polynomial in the differentials of the local coordinate functions. For any holomorphic map f from C to X and for any meromorphic k-jet differential of weight m, we regard f as a meromorphic function on C by identifying it with the coefficient of (d) m in the k-jet differential on C which is the pullback of by f , where is the coordinate of C. We use this convention for the convenience that the value of f at is precisely the value of at the k-jet of X defined by f at . THEOREM 1. (Negative curvature of generalized jet metric) Let k be a positive integer. Let X be a compact complex manifold of complex dimension n and D be an ample divisor in X. Let ! be a holomorphic k-jet differential on X of weight m which vanishes on D but is not identically zero on X. Let Y J k (X) be the zero-set of !. Then there exist a nonnegative smooth function Ψ on the k-jet space J k (X) whose zero-set is contained in Y, a positive integer N, a positive constant C, and 0 1 (1 N) such that the function @@ log Ψ on J k+1 (X) , ,1 k,k+1 (Y) is nonnegative and Ψ C N X =1 , @@ log Ψ on J k+1 (X) , ,1 k,k+1 (Y). THEOREM 2. (Vanishing of pullback of jet metric) Let k be a positive integer. Let X be a complex manifold, Ψ be a nonnegative smooth function on the jet space J k (X) which is nonzero outside a proper subvariety Y of J k (X), N be a positive integer, C be a positive constant, and 0 1 (1 N) such that the function @@ log Ψ on J k+1 (X) , ,1 k,k+1 (Y) is nonnegative and
, @@ log Ψ on J k+1 (X) , ,1 k,k+1 (Y). Then for any holomorphic map f : C ! X the pullback f Ψ is identically zero on C.
THEOREM 3. (Vanishing of pullback of jet differential) Let k be a positive integer. Let X be a compact complex manifold of complex dimension n and D be an ample divisor in X. Let ! be a holomorphic k-jet differential on X which vanishes on D but is not identically zero on X. Then for any holomorphic map f : C ! X the pullback f ! is identically zero on C.
THEOREM 1a. (Negative curvature of generalized jet metric for the log pole case) Let k be a positive integer. Let X be a compact complex manifold of complex dimension n and D be an ample divisor in X. Let Z 1 , : : : , Z p be distinct irreducible complex hypersurfaces in X. Let ! be a meromorphic k-jet differential on X of weight m of at most log-pole singularity along p =1 Z such that ! vanishes on D and is not identically zero on X. Let Y J k (X) be the Zariski closure of the zero-set of !. Then there exist a nonnegative smooth function Ψ on J k (X) , ,1
, Y, a positive integer N, a positive constant C, and 0 1 (1 N) such that the function @@ log Ψ on J k+1 (X) , ,1
THEOREM 3a. (Vanishing of pullback of jet differential for the log pole case) Let k be a positive integer. Let X be a compact complex manifold of complex dimension n and D be an ample divisor in X. Let Z 1 , : : : , Z p be distinct irreducible complex hypersurfaces in X. Let ! be a meromorphic k-jet differential on X of weight m of at most log-pole singularity along p =1 Z such that ! vanishes on D and is not identically zero on X. Then for any holomorphic map f : C ! X , p =1 Z the pullback f ! is identically zero on C.
Remark. In Theorems 3 and 3a the complete pullback! of ! by f as a kjet differential on C of weight m (instead of just a function as specified in our notational convention) also vanishes identically on C. The reason is that given any k-jet differential at a point Q of C there exists a polynomial map P of C to itself such that P(0) = Q and such that the k-jet defined by the map P at 0 is precisely . One can apply Theorems 3 and 3a to the map f P instead of to f and conclude the vanishing at of the complete pullback! of ! by f . THEOREM 4. Let N = 4n,3 and p = 1+N(N,2) = 16(n,1) 2 . Then for generic linear functions H j (x 0 , : : : , x n ) on C n+1 (1 j N) the hypersurface P N j=1 H p j = 0 in P n is hyperbolic.
THEOREM 5. Let n 11 and g(x 0 , x 1 , x 2 , x 3 ) be a generic homogeneous polynomial of degree 2 with g(0, 0, 0, x 3 ) = x 2 3 satisfying the condition that, for h(, ) equal to g(( , 1) 1 n , , , 1),g(, ( , 1) 1 n , , 1), or g(, , ( , 1) 1 n , 1) with ( , 1) 1 n equal to any n th root of ,1, the polynomial
of degree n in has n distinct roots and @ 2 h @ 2 is a nonzero constant. Then the surface defined by
COROLLARY TO THEOREM 5. Let n 11 and a 0 , a 1 , a 2 be complex numbers.
Suppose a n i 6 = ( , 1) n+1 a n j for 0 i j 2 and 1 + a j ( ,2a j n ) 2 n,2 + ( ,2a j n ) n n,2 6 = 0 for 0 j 2 and for all (n , 2) th roots in the above condition. Then the surface defined by
The corollary to the Main Theorem was already proved in [SY96a] . The proof in [SY95] could yield the result that the defect for f and D is less than 1, but the method there could not yield the sharp result of the defect being zero.
The idea in the proof of the Main Theorem is as follows. First of all we can assume without loss of generality that the image of f is Zariski dense in A. For any given positive number we construct a meromorphic k-jet differential ! on A whose pole is dominated by a pole divisor equivalent to the divisor D such that for some positive integer q with q the k-jet differential ! vanishes to order at least q along the k-jet space J k (D) of D when ! is regarded as a function on the k-jet space J k (A) of A. The existence of ! follows from the theorem of Riemann-Roch and the fact that the codimension of J k (D) in J k (A) increases without bounds as k increases without bounds. We then pull back ! by f and apply the logarithmic derivative lemma to the meromorphic function on C defined by the pullback. In this process we have to use the result in [SY95] on the translational invariance of the Zariski closure of the image of the k-order differential of f to make sure that we can construct an ! whose pullback by f is not identically zero.
Bloch [B26] first used jet differentials in hyperbolicity problems in his result, known as Bloch's Theorem, that the Zariski closure of an entire curve of an abelian variety is the translate of an abelian subvariety. His jet differential technique is essentially equivalent to the vanishing of the pullback f ! of a holomorphic jet differential ! on a compact complex manifold X vanishing on an ample divisor by a holomorphic map from C to X for the special case when X is an abelian variety. He used the logarithmic derivative lemma of Nevanlinna for his jet differential technique. Later Green and Griffiths [GG79] developed the technique of jet differentials for a general compact complex manifold X instead of just for an abelian variety and gave an alternative approach to Bloch's theorem ( [B26] ). (For a discussion of the various ideas and proofs for Bloch's theorem see for example [S95] .) The use of jet differentials by Green and Griffiths differs from Bloch's in two ways. The first difference is that Green and Griffiths use the theorem of Riemann-Roch for the existence of holomorphic jet differentials vanishing on an ample divisor, while Bloch gets existence from applying to the jet bundle space the fact that the meromorphic function field of an analytic cover is a finite extension of that of the base. The second difference is that Green and Griffiths use the following three steps to get the vanishing of the pullback to C of a holomorphic jet differential ! on X vanishing on an ample divisor. First, they construct from ! a jet metric for X. Second, they show the negativity of the curvature of the jet metric. Third, they use the technique of Ahlfors's generalization of the Schwarz lemma ([A41]) which estimates the metric of the target manifold by the metric of the domain for a holomorphic map when the metric of the target manifold has negative curvature. Results concerning the vanishing of the pullback of a jet differential and the methods of negative curvature of jet metrics are sometimes loosely referred to as Schwarz lemmas. There has been some skepticism whether complete details could be worked out for the sketch of the second step in the approach of Green and Griffiths. Jet differentials with special properties were introduced in [SY96b, D95, DL96] so that the details could be straightforwardly worked out in the sketch of that step in the approach of Green and Griffiths. However, it has been known as "folklore" for a number of years that the vanishing of the pullback to C of a holomorphic jet differential vanishing on an ample divisor of a compact complex manifold could rather easily be proved by other means than the use of negative curvature of the jet metric. What is actually used in applications to hyperbolicity problems is the result itself of the vanishing of the pullback of a jet differential and not the method of its proof. Bloch's proof for the case of abelian varieties by Nevanlinna's logarithmic derivative lemma could be modified to give the vanishing of the pullback of jet differentials for the general case. For example, though such a vanishing result is not yet explicitly stated there, the essential ingredients of the arguments are already implicit in the preprint of Min Ru and Pit-Mann Wong [RW95] . Later, in lectures, Pit-Mann Wong mentioned that such a proof could be obtained from techniques of [RW95] . In this paper we give the details of a naturally modified form of the treatment by Green and Griffiths of the vanishing of the pullback of a jet differential by negative curvature of a jet metric. The function Ψ in Theorem 1 is a modified form of the jet metric and the differential inequality in Theorem 1 for Ψ is a generalization of the notion of negative curvature. We choose to present Theorems 1, 2, 3, 1a, and 3a together with the Main Theorem in this paper, because the Main Theorem is closely linked to Bloch's theorem ( [B26] ) and the general Schwarz lemma was introduced in the paper of Green and Griffiths [GG79] which used it for an alternative approach to Bloch's theorem ( [B26] ). In the earlier version of this paper Theorems 1, 2, and 1a were embedded as intermediate steps in the proofs of Theorems 3 and 3a. In this version we separate the arguments to highlight the close link with the approach in the paper of Green and Griffiths [GG79] .
For hyperbolicity problems, the three approaches of the Borel lemma, the Schwarz lemma for jet differentials linear in the highest order, and meromorphic connections are very closely related. The approach of the Borel lemma, when applicable, usually gives sharper and cleaner arguments than the other two. There is a possibility of getting sharper results with the method of jet differentials. The vanishing of the pullback of the jet differential yields differential equations satisfied by the entire curve. However, in most cases it remains insurmountably difficult to conclude algebraic dependency from the differential equations. In the final part of this paper we construct hyperbolic hypersurfaces of low degrees in any dimension by using the Borel lemma and a simple dimension counting argument for certain subvarieties in the Grassmannians. A variation of the construction can make the degree lower in the case of a surface. To prepare for the variation of the construction we introduce a generalized Borel lemma (Proposition 1) and, to illustrate the close relation between the approach of the Borel lemma and that of the jet differentials, we use the Schwarz lemma to prove the generalized Borel lemma.
Examples of hyperbolic hypersurfaces were constructed by Brody-Green [BG77], Zaidenberg [Z89] , Nadel [89] in dimension 2 and by Adachi-Suzuki [AS90] in some low dimensions, and finally by Masuda and Noguchi [MN94] in any dimension. The degree of a hyperbolic hypersurface constructed in [MN94] is exceedingly high relative to its dimension and the algorithm for the construction is rather involved. The degree of the hyperbolic hypersurface constructed in Theorem 4 is only of the order of the square of its dimension. Recently El Goul [E96] gave a construction of a hyperbolic surface of degree 14 and Demailly later lowered the degree in El Goul's construction to 11. In Theorem 4 we point out how El Goul's construction fits as a variation in the framework of using the Borel approach to get examples of hyperbolic hypersurfaces. The surface of degree 11 constructed in Theorem 5 differs only very slightly from the construction of El Goul and Demailly, but we use the approach of the Borel lemma which, though very closely related to the approach of meromorphic connections, is simpler, more powerful, and more elegant.
After we completed the first version of this paper, we received a preprint of McQuillan [McQ96a] giving another approach to the Main Theorem motivated by number-theoretical techniques of diophantine approximation on abelian varieties.
Defects for ample divisors of abelian varieties.
To prepare for the proof of the Main Theorem, we now introduce some notations and terminology. For a complex manifold X we denote by J k (X) the space of all k-jets in X so that every element of J k (X) is represented by d d g (0) (0 k) for some holomorphic map g from an open neighborhood of the origin in C (with coordinate ) to X. In particular J 1 (X) means the tangent bundle of X. By a holomorphic (meromorphic) k-jet differential ! of weight m on an open subset G of X with local coordinates z 1 , : : : , z n we mean an expression of the form
where the summation is over the kn-tuplẽ = ( 1,1 , 1,2 , : : : , 1,k , : : : , n ,1 , n,2 , : : : , n , k ) of nonnegative integers with
( 1,1 + 2 1,2 + + k 1,k ) + + ( n,1 + 2 n,2 + + k n , k ) = m and ! 1,1 1,k n,1 n,k is a holomorphic (meromorphic) function on G. (A coordinate-free definition of k-jet differentials is given in [GG79] .) For a holomorphic map g from an open subset U of C with coordinate to X and for any meromorphic k-jet differential ! of weight m on X, by g ! we mean only the term containing (d) m or, when there is no confusion, we mean only the coefficient of the term containing (d) m . According to this convention g ! can be regarded as a function on U.
Because of Bloch's theorem ([B26, GG79, K80, McQ96, NO90, Oc77]) which states that the Zariski closure of the image of a holomorphic map from C to an abelian variety must be equal to the translate of an abelian subvariety, to prove the Main Theorem we can assume without loss of generality that the image of f is Zariski dense in A. We denote by d k f the map from C to J k (A)
Let H kn be the pullback to J k (A) of the hyperplane section line bundle of P nk by the projection map J k (A) = A P nk ! P nk . Let : J k (A) ! A be the projection onto the base manifold. By the Zariski closure of Im d k f in J k (A) we mean the intersection with J k (A) of the Zariski closure of Im d k f in J k (A). By [SY96a] the Zariski closure in J k (A) of the image of d k f is translational invariant and its Zariski closure in J k (A) is therefore of the form A W k for some irreducible subvariety W k of positive dimension in P nk . When there is no confusion, a local subvariety is also simply called a subvariety.
Write A = C n =Λ. Let L D be the line bundle over A associated to D. Since D is ample in A, for any integer p 2 the global holomorphic sections of the line bundle L p D over A generate the ( p , 2)-jets of A.
Let D be the theta function on the universal cover C n of A which defines the divisor D. We denote by J k (D) the subvariety of J k (A) defined by d j D = 0 for 0 j k. Note that when D is nonsingular, this notation J k (D) agrees with the earlier definition of J k (X) with X = D. To prove the Main Theorem we can assume without loss of generality that L D = (L 0 D ) p for some integer p k + 2, because we can simply replace the lattice Λ defining A by pΛ. Let ∆ denote the open unit disk in C centered at the origin. Let k n.
is a subvariety of codimension at least n + 1 in U P W k for Q in the projective line P 1 .
We can choose a compact neighborhood K P of P in U P such that for a finite number of points P 1 , : :
that the following two conditions do not simultaneously hold.
is a subvariety of codimension at least n + 1 in (A , fv = 0g) W k for at every point of K P j for every Q in P 1 , where Φ:
Then E j is a nowhere dense closed subset of V. By the Baire category theorem we conclude that there exists v = (v 0 , v 1 ) 2 V , j =1 E j . In particular, we conclude that J k (fv 0 = 0g) (A W k ) is of codimension at least n + 1 at every point of AW k . We need only now consider the deformation given by D t = D +tv 0 . Then there exists a positive number such that J k ( D t ) (A W k ) is of codimension at least n + 1 at every point of A W k for 0 jtj . Take a fixed small positive integer which can actually be chosen to be 1. We keep the symbol to show the role played by it. Take a positive integer q which will be very large compared to and then take a positive integer m which will be very large compared to q. The conditions on the sizes of q and m will be specified later. We are going to construct a nonidentically zero L D -valued holomorphic k-jet differential of weight m which vanishes to order at least q along J k (D) for some sufficiently large m. We first use the theorem of Riemann-Roch to do this when D is replaced by D t for t 2 ∆ , 0 close to 0 with D t satisfying some additional tranversality condition. Then we use the semicontinuity of the dimension of the space of holomorphic sections of line bundles in a holomorphic deformation to get the conclusion for D when t ! 0. In the following lemma, for notational simplicity the dependence of the constants on A and D is not explicitly stated.
LEMMA 2. There exists a postive integer m 0 (W k , , q) depending on W k , , q (and A and D) such that for m m 0 (W k , , q) there exists an L D -valued holomorphic k-jet differential on A of weight m whose restriction to A W k is not identically zero and which vanishes along J k (D) (A W k ) to order at least q. In particular, from the definition of W k one knows that ! is not identically zero on d k f .
Proof. From Lemma 1 there exists a holomorphic family of ample divisors
From the ampleness of D(t) and
Kodaira's vanishing theorem we have a positive number m 0
for any positive integer p and for m m 0 0 (W k ). Let d be the complex dimension of W k . By the theorem of Riemann-Roch and the Künneth formula, we have
where C W k ,t is a positive constant dependent on W k but independent of m. We now choose some t 2 ∆,0. Let O be the structure sheaf of AW k and I(t) be the ideal sheaf of J k (D(t)) (A W k ). Since for t 2 ∆ ,0 the subvariety J k (D(t)) (A W k ) of A W k is of complex dimension at most d , 1 = (n + d) , (n + 1), we have the following estimate
Thus there exists a positive integer m 00
is nonzero. Clearly we can assume that m 00 0 (W k , , q, t) is lower semicontinuous as a function of t 2 ∆ , 0. Let F ,q,m be the torsion-free sheaf of rank 1 over A W k ∆ whose restriction to A W k t for a generic t 2 ∆ is equal to
. Let G ,q,m be a locally free sheaf over ∆ which is the 0th direct image of the sheaf F ,q,m under the map A W k ∆ ! ∆ which is the projection onto the last factor. Fix t 0 2 ∆ , 0. Then for m m 00 the rank of G ,q,m is positive. Thus for a generic t 2 ∆ the dimension of
as a function of t and by letting t ! 0, we conclude that for m m 00
there exists a nonidentically zero global holomorphic section ! 0 of (L D )
Let I W k be the ideal sheaf of W k in P nk . By Künneth's formula, from the ampleness of D we have a positive integer m 000
for m m 000 0 (W k ). Thus for m m 000 0 (W k ) we can extend ! 0 to an L D -valued holomorphic k-jet differential ! on A. Now we need only set m 0 (W k , , q) to be at least as large as m 0 0 (W k ), m 00 (W k , , q, t 0 ), and m 000 0 (W k ).
Proof of the Main Theorem. Let! = , D !. Then! is a meromorphic k-jet differential on A. We pull back the meromorphic k-jet differential! by f and recall that by our convention f ! simply means the coefficient of (d) m where m is the weight of! and is the global coordinate of C. In other words, we consider! as a function on the space J k (A) of k-jets and f ! as the evaluation of! on the image of d k f when d k f is considered as a map from C to J k (A). In this sense f ! is a meromorphic function on C. Write! in terms of the global coordinate system and we get ! = X (`1, 1 ),:::,(`n, n )ã (`1, 1 ),:::,(`n, n ) (z 1 , : :
whereã (`1, 1 ),:::,(`n, n ) (z 1 , : : : , z n ) is a meromorphic function on A with the property that Dã(`1,1),:::,(`n,n)
is an entire function on C n whenã (`1, 1 ),:::,(`n, n ) is also used to denote its pullback to the universal cover C n of A. Let a (`1, 1 ),:::,(`n, n ) (z 1 , : : : , z n ) = Dã(`1,1),:::,(`n,n) (z 1 , : : : , z n ).
Let ' be a nonnegative quadratic form on C n such that j D j 2 exp ( , ') is a well-defined scalar function on A. In other words, exp ( , ') defines a Hermitian metric on the fibers of the line bundle L D . Thus exp , 2 ' ja (`1, 1 ),:::,(`n, n ) (z 1 , : : : , z n ) j is a well-defined smooth function on A and is therefore bounded. Hence ja (`1, 1 ),:::,(`n, n ) (z 1 , : : : , z n ) j C exp 2 '
(2) on C n for some constant C. From (1) we have ! = X (`1, 1 ),:::,(`n, n ) a (`1, 1 ),:::,(`n, n ) (z 1 , : : : , z n )(d`1z 1 ) 1 ( d n z n ) n 
Here we also use ! to denote its pullback to the universal covering C n of A. Clearly locally we can choose j 0 ,:::,j k so that the order and the weight of each term j 0 ,:::,j k Q k =0 (d D ) j are respectively equal to those of !. We rewrite the above identity on U W in the form For z 2 C n and`2 Λ there is an affine transformation of C n to itself given by
From it we obtain 
For any z 2 C n there exists`=`(z) 2 Λ such that the ball B of radius b centered at z ,`is contained in B 0 . Let A r denote the operator which, when applied to a function, averages the function over the circle of radius r in C centered at the origin. For a meromorphic function F on C we denote by T(r, F) the characteristic function of F which is given by
where n(r, F, 1) is the number of poles of F with multiplicity counted in the open disk of radius r in C centered at the origin. To compute the defect for the map f and the divisor D we have to consider
which by (7) is dominated by
Here O(1) means the standard Landau symbol for order comparison. We handle the first term of (9) as follows.
Here according to our convention f ! is regarded as a function on C. For (10) we have used the First Main Theorem of Nevanlinna that Here we have used the fact that
which is a consequence of the logarithmic derivative lemma and the holomor- is regarded as a meromorphic function on C. Here and for the rest of the paper the notation k at the end of an inequality or equation in r 0 means that the inequality or equation holds for r outside a set of finite harmonic measure in the set of all positive real numbers. The second term of (9) satisfies
because of (12) and because of
which is a consequence of the logarithmic derivative lemma, when f d j D D is regarded as a meromorphic function on C. Finally from the domination of (8) by (9) and from (10) and (11) and (13) we conclude that k.
For any given 0 we can choose and q so that q . We denote by ( f , D) the defect for the map f and the divisor D which is defined by
It follows from (14) that ( f , D) 2 q 2 . From the arbitrariness of the positive number we conclude that the defect for an ample divisor in an abelian variety is 0.
The general Schwarz lemma for jet differentials.
We prove in this section Theorems 1, 2, 3, 1a, and 3a. Clearly Theorem 3 follows from Theorem 1 and Theorem 2. We first prove Theorem 2.
Proof of Theorem 2. Take arbitarily 0 R 1.
at 0 and therefore for every jj R. Thus
for every jj R. By fixing any 2 C and then letting R ! 1 we conclude that Φ() = 0.
Alternative proof of Theorem 2. The above proof of Theorem 2 is done by using the nonpositivity of the Laplacian at a maximum point, which is a method involving differentiation and the Poincaré metric. Theorem 2 could also be proved by using integration, Green's theorem, the Calculus Lemma in Nevanlinna theory, and the concavity of the logarithmic function. We now give such an alternative proof. Assume that Φ = f Ψ is not identically zero on C. We are going to derive a contradiction. Without loss of generality we can assume that Φ() is positive at = 0. For a function or a (1,1)-form let Choose any positive numbers 1 and 2 . By Green's theorem and the concavity of the logarithmic function and the Calculus Lemma in Nevanlinna theory we have
We have
where C 0 and C 00 are positive constants depending on . Hence
On the other hand, by the subharmonicity of Φ we conclude from the sub-meanvalue property of a subharmonic function that
which yields a contradiction when is chosen to be less than 2 Φ(0).
We now prove Theorem 1.
Proof of Theorem 1. By replacing ! by a sufficiently high power and replacing D with the corresponding high multiple, we can assume without loss of generality that D is very ample. Choose an open cover fU j g 1 jJ of X and f j,0 , f j,1 , : : : , f j n 2 Γ ( X , D )
(1 j J) such that f j,0 is nowhere zero on U j and f j,1 f j,0 , : : : ,
! forms a local coordinate system at every point of U j . We could also assume (after replacing ! by a sufficiently high power and replacing D with the corresponding high multiple) that f j,0 , f j,1 , : : : , f j n 2 Γ ( X , D );
(1 j J) are so chosen that the following additional Condition ( ) is satisfied. Condition ( ). For any`-jet 2 J`(X) at a point P 0 of X and any 1 ` k the vanishing of d` f j, f j,0 at for all 1 n and for all 1 j J with P 0 2 U j implies that is zero.
To see that we can make such an assumption, we first choose f j,0 , f j,1 , : : : , f j n 2 Γ ( X , D ) (1jJ) so that the following additional Condition ( ) is satisfied for a fixed nonzero 2 J`(X).
Condition ( ) . For some 1 j J the section f j,0 is nonzero at and for some 1 n the differential d` f j, f j,0 is nonzero at .
After we have Condition ( ) , we can then enlarge the index set J by counting each U j a finite number of times and use the compactness of the weighted projectivization of J`(X) to get Condition ( ). To get Condition ( ) for a fixed nonzero 2 J`(X), instead of using f j,0 , f j,1 , : : : , f j n (1 j J) we use (n + 1)-tuples of the form f k j 0 , F 1 ( f j,0 , f j,1 , : : : , f j , n ), : : : , F n ( f j ,0 , f j,1 , : : : , f j , n ) (1jJ) for some suitable homogeneous polynomials F 1 , : : : , F n of degree k with coefficients in C and replace D by kD and ! by ! k .
Choose a smooth metric for the line bundle D, locally given by e ,' , whose curvature form p ,1 2 @@ ' is positive definite at every point of X. Let D`= 2`D and let j j D denote the pointwise norm with respect to the metric of D`induced from the given metric of D. Let
Let s D be the canonical section of D whose divisor is D and let j j , D denote the pointwise norm with respect to the metric of ,D induced from the given metric of D. Choose positive numbers 0`, `( 1 ` k) such that k,1 X =1 2`( 0`+ `) 1.
We have the following two properties of Ψ.
Property (A). For some positive constant c 0 , @@ log Ψ c 0 @@ ' .
Property (B). For some positive constant c`(1 ` k),
To verify Property (A) and Property (B), we choose a local trivialization of the line bundle D. With respect to the local trivialization, f j,`i s represented by a holomorphic functionf j,`, the metric of D is represented by e ,' , and s D is
Property (A) comes from the inequality (15) and the holomorphicity off j, and ! s D . Property (B) comes from @@Φ` whenever Ψ is positive.
Proof of Lemma 3. We prove by induction on 1 ` k. The case`= 1 follows from Property (A). We use C j (j = 1, 2) to denote positive constants. Using
The Lemma now follows from the induction hypothesis, Property (B), and N 0`= 2N 0`, 1 + 1. We can now finish the proof of Theorem 1. For some positive constantC we have
By Lemma 4 we obtain positive numbers (1 N) which may not be less than 1 but which otherwise satisfy the required inequality of Theorem 1. To make 1 we simply replace Ψ by Ψ by sufficiently small positive number .
The construction of Ψ and Condition ( ) imply that the zero-set of Ψ in
The general Schwarz lemma for the log-pole case.
The proofs of Theorems 1a and 3a are analogous to those of Theorems 1 and 3 except for some modifications. We now present the necessary modifications. We can assume that there exists g j, 2 Γ(X, D) (1 j J, 1 p) such that g 1, , : : : , g J , locally generate the ideal sheaf of Z for 1 p. We let t be the canonical section of the line bundle over X associated to the divisor Z (1 p). Fix a smooth metric for the line bundle Z so that the norm of jt j Z 1 on X. For any positive number A 1 let ,A = log A jt j 2 Z . Then ,A 1. Choose a local trivilization of the line bundle Z so that, with respect to that local trivialization, t is represented byt and the metric of Z is represented by e ,' Z . Then @@ log
There exists a positive number A 0 such that for A A 0 we have j@ ' Z j 2
where e ,' is the metric of the line bundle D with respect to some local trivialization of D. From now on we assume that A is chosen so that A A 0 . We have @@ log 1 ,A jd logt j 2 2( ,A ) 2 , @@ ' .
Let
We have Φ 0 1. We now modify the definitions of Φ`, Φ 0`a nd Ψ and define
The positive numbers 1 , : : : , k , 1 , 0 1 , : : : , 0 k , 1 are chosen so that
From ,A 1 and the inequalities (16) and (17) Note that the complex manifold X in Theorem 2 is not assumed to be compact and, for the proof of Theorem 3a, Theorem 2 will be applied to the case when the complex manifold X in Theorem 2 will be equal to the complex manifold X in Theorem 1 minus p =1 Z p .
Proof of vanishing of pullback of jet differential by the logarithmic derivative lemma. As mentioned in the introduction, the essential ingredients for a proof of both Theorems 3 and 3a by means of the logarithmic derivative lemma are already implicit in a preprint of Min Ru and Pit-Mann Wong [RW95] . We present here such a proof of Theorem 3. Assume that f ! is not identically zero and we would Let
Then for any point P 0 2 P N there exist 0 j 1 , : : : , j N N , 1 1 ,: : : , N N ( N + 1) such that one can choose local branches log u ( j 1 ) 1 , : : : , log u ( j N ) N to form a local coordinate system of P N at P 0 . As a consequence there exists a postive constant C such that
where P 0 denotes summation over the indices f j, , j, g 1N(N+1) with N(N+1) X 
k.
Since f ! is a holomorphic function on C, we have
Construction of hyperbolic hypersurfaces.
We now construct hyperbolic hypersurfaces of degree 16(n , 1) 2 in P n by using Borel's lemma and a simple dimension counting argument for certain subvarieties of Grassmannians. We introduce a generalized Borel lemma (Proposition 1) which will be used in x4 and which implies as a corollary the usual Borel lemma (Proposition 2) used here in x3. is holomorphic on the affine part of the hypersurface. Now we look at the infinity part. We introduce the coordinates w j =
x j x n for 0 j n , 1 so that z j = w j w 0 for 1 j n , 1 and z n = 1 w 0 . We have W ˜g 0 , z p, 1 1g 1 , : : : , z p , n , 1 n , 1 g n , 1 = 1 w np 0 W w p, 0 0ĝ 0 , w p, 1 1ĝ 1 , : : : , w p , n , 1 n , 1 g n , 1 , whereĝ j (w 0 , : : : , w n , 1 ) = g j (w 0 , : : : , w n , 1 , 1) for 0 j n. which is holomorphic on the whole hypersurface and vanishes on an ample divisor, because p (n + 1)(n , 1) + P n j=0 j . We conclude from Theorem 3 that the Wronskian W w p, 0 0ĝ 0 , w p, 1 1ĝ 1 , : : : , w p , n , 1 n , 1 g n , 1 must be identically zero on the image of f (more precisely on the image of d n,1 f ) and there is a nontrivial linear relation among PROPOSITION 2. (The Borel lemma for high powers of entire functions) Let n 2 and p (n , 1)(n + 1) be integers. Let f 0 , : : : , f n be entire functions on C satisfying f 0 + + f n 0 such that f j = g p j for some entire function g j for 1 j n. Then after relabelling the set f 0 , : : : , f n , one can divide up the set f0, : : : , n g into q disjoint subsets f`0, : : : , 1 , 1 g , f 1 , : : : , 2 , 1 g , : : : , f q , 1 , : : : , q , 1 g with 0 =`0 `1 q = n + 1 and one can find constants c , j (0 q and` j ` +1 ) such that f j c , j f` for` j ` +1 and P` +1 ,1 j=`
Alternatively one can also argue directly by using Cartan's version ([C33]) of the Second Main Theorem with truncated counting function instead of Proposition 1 as follows.
Let f : C ! P n be a nonconstant holomorphic map whose image is contained in X. Consider the map Φ: P n ! P n,1 defined with the homogeneous coordinates [( g 1 ) p , : : : , (g n ) p ]. Let H (1 n , 1) be the coordinate hyperplanes of P n,1 . Let H 0 be the hyperplane in P n,1 defined by the vanishing of the sum of the homogeneous coordinates of P n,1 . Since the image of f lies in X, the pullback by Φ f of the defining function of H 0 is the same as the pullback by f of ,( f s 0 ) p . A point P of H 0 is assumed by Φ f at some point z 0 of C if and only if ,( f s 0 ) p vanishes at z 0 (in that case, it must automatically vanish to order at least p so that the point P of H 0 is assumed by Φ f with multiplicity at least p). As a consequence the truncated counting function N n,1 (r, Φ f , H 0 ) is no more than n,1 p N(r, Φ f , H 0 ). Here the truncated counting function N n,1 (r, Φ f , H 0 ) means that multiplicities higher than n , 1 are replaced by multiplicites equal to n , 1. The same argument holds for H j (1 j N) instead of H 0 . Unless the image of Φ f is contained in a hyperplane of P n,1 , we know from Cartan's Second Main Theorem with truncated counting function ([C33]) that
which is a contradiction if p (n + 1)(n , 1). So we conclude that the image of f is contained in the zero-set of P n j=1 j ( g j ) p = 0 for some j 2 C (1 j n) not all zero. Now we use induction on n. 5. Hyperbolic surface of degree 11. We now prove Theorem 5. Assume n 11 and denote by S the surface defined by the equation
x n 0 + x n 1 + x n 2 + x n,2 3 g(x 0 , x 1 , x 2 , x 3 ) = 0.
Suppose we have a nonconstant holomorphic map f : C ! S and we are going to derive a contradiction. By Proposition 1, we have a nontrivial linear relation among x n 0 , x n 1 , x n 2 on the image of C; which we can assume without loss of generality to be x n 0 = c 1 x n 1 + c 2 x n 2 . When both c 1 , c 2 are nonzero, the image of C lies in the Fermat curve x n 0 = c 1 x n 1 + c 2 x n 2 and we end up with [x 0 , x 1 , x 2 ] = constant on the image of C. We cannot have all three x 0 , x 1 , x 2 identically zero on the image of C, because the assumption g(0, 0, 0, x 3 ) = x 2 3 would imply that x 3 is identically zero on the image of C as well. Suppose without loss of generality that x 0 is not identically zero. Then we end up with b 0 x n 0 + x n,2 3 (x 2 3 + b 1 x 3 x 0 + b 2 x 2 0 ) = 0 for some constants b 0 , b 1 , b 2 , implying that the image of f is constant. Before we continue further, we make the trivial observation that, for a quadratic polynomial h( y) = Ay 2 + By + C of a single variable y,
where h 0 and h 00 denote respectively the first and second derivatives of h with respect to y. Now assume that c 2 = 0 and x n 0 = c 1 x n 1 on the nonconstant image of C; we
